Absrracr--'Ibe electric field ad potential d i s t r i h t i o n in the gap between acylindricalrodhavingahemisphericPltipadaninfioiteplanepe~r to the cylinder axif was determined afiog a charge simulation techniqw. This metbod ~ssomes a charge at the center of the hemisphere and a W t e number of semi-infinite axial charges io the cylindrical portioa of the rod electrode. Bormdary cmditkm in the cylindrical ad spherical portiols enabled the formulation of simoltnneols quatiom whose digital solution yielded of the potential and both field components anywhere in the gap with au acmracy of about 2 percent.
INTRODUCTION

1
N THE INVESTIGATIONS of electrical breakdown of gases, particularly in the study of corona phenomena in atmospheric air, the asymmetrical nonuniform field configuration has been a valuable tool for experimental observations due to the local confinement of prebreakdown ionization around the stressed electrode.['' However, the nonplanar electrodes have been a real obstacle in the theoretical and analytical approaches to the study of the phenomena because of their inaccessibility to field calculations. Many approximations have been used for some electrodes such as noncoaxial cylinders and spheres.
Analytical determination of the potential and its gradient was conducted for some boundary configurations where coordinate transformations, such as prolate spheroidal coordinates and bispherical coordinates, led to solvable forms of the Poisson equation for those particular bounda r i e~. Approximate solutions using the method of images have been used in cases where equipotential planes are known to exist. Such cases include a system of two identical spheres,["] a system consisting of a sphere between two Manuscript received October 16, 1967; revised February 26, 1968 . This work has been supported by a grant from the National Science Foundation.
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planes with the sphere at the potential as one of the planes, ["] and also a sphere-to-plane system.["] Vibrans computed the fields around a hemispherically capped cylindrical projection by distributing the charges along its axis and requiring that the potential of the surface of the cylinder approach this boundary as closely as possible. ['31 Many of the basic breakdown studies were carried out, however, with rod-to-plane electrodes or with two rods. ['41 For the sake of result comparison and repeatability, the rod electrode chosen was standardized as a cylindrical shaft with a hemispherical tip of equal diameter, [' 51 as shown in Fig. 1 . This rod electrode has been adopted by many researchers in the area of corona and gaseous breakdown, including this research group.
As mentioned, the disadvantage of the rod-plane gap lies in the difficulty of analytical derivation or numerical calculation of the electrical field intensities in the gap. Electrolytic models were necessary for the experimental estimation of the electric field. Though yielding a great deal of numerical data, this could never be completely relied upon because of the approximations and errors inherent in such For the sake of an analytic derivation of the field, this gap was approximated by two confocal paraboloids where the smaller one represents the point and the other the plane.
[l4] The radius of the sphere at the rod tip can then be made equal to the tip curvature of the inner paraboloid. Such an approximation yielded expressions for the field intensity along the axis only, and, despite its limitation and inherent error, was used for the theoretical analysis of impulse corona breakdown in an effort to correlate experimental findings.[l4' T h s analytical approximation was far from satisfactory.
The first attempt to use charge representation with hand solution of several simultaneous equations was made by
to obtain the potential of any point in the gap. Digital computers are new tools that should provide an easier, more accurate, and faster method of calculating the potential and the electric field anywhere in the gap of the previously mentioned electrode configuration.
Although the principle used was applied only to the previously mentioned configuration, it can be extended to many other electrodes and boundary conditions. This particular geometry, however, was of prime importance for the present corona research program.
Future studies will apply the same principle to many engineering applications where knowledge of the electric field between similar or different electrodes is extremelv im- portant. In the design and development of circuit breakers, reclosing switches, and also lightning arresters, the designer wishes to be able to estimate the electric field between given electrodes of various shapes. Also in the design of electron tubes, exact field values are badly needed. The charge simulation technique reported in this paper is therefore recommended as an inexpensive approach to the solution for various boundary configurations.
In scientific research, field knowledge will certainly help explain many gaseous ionization phenomena and elucidate the processes of gas breakdown.
SIMULATION TECHNIQUE
Derivation of Potential and Field Equations
The following notations are introduced in considering the specific problem of the boundaries as defined by a hemispherically capped cylinder and an infinite plane perpendicular to the cylinder axis as illustrated in Fig. 1 : GPL=gap length from the extremity of the hemisphere to the plane PTRAD =point radius GPOT = actual potential difference between electrodes.
To simplify computation procedures, and to make solutions possible for different gaps and boundary parameters, a per unit representation is illustrated in Fig. 2 where the point radius is unity and the gap length G is the ratio of the actual gap length to the actual point radius. The plane is substituted by the electrode image. Further, the potential difference is unity and a constant permittivity is assumed. Actual potential can then be easily obtained using the per unit values. Choosing a cylindrical coordinate system with the origin located at the intersection of the cylinder axis (z-axis) with the plane, and because of symmetry with respect to the z-axis, the coordinates of any point need only be specified The potential 4 at any point P(r, z) is the algebraic sum of potentials due to any number of charges. The charge of the rod electrode will be represented by a point charge located at the center of the hemispherical portion of the boundary having coordinates (0, G+ 1). A series of semiinfinite line charges will be represented along the axis of the cylindrical portion starting at points of coordinates (r', A), where r' =O and A 2 G + 1. This series of n charges together with their images in the z=O plane must produce an equipotential surface of unit potential coinciding with the electrode boundary. If this condition can be satisfied with an arbitrary distribution of charges within the above constraints, the simulation is sound. The z =O plane will always be assumed at zero potential. This is achieved here by taking the exact charge images with respect to this plane. and V(r, z ;Aj) = log,
The electric field E at any point (r, z) can be obtained from 
Boundary Conditions
The boundaries of the rod electrode are assumed to have two portions, the cylindrical and the hemispherical. The other boundary is the plane at z=O. There are therefore three different boundaries to satisfy.
1) Cylindrical Portion of the Rod Electrode
The potential of any point on the cylindrical portion of the boundary will be assumed equal to the rod potential which is unity. To satisfy this assumption, selected values of z designated zi, greater than or equal to G + 1, with r = 1, are substituted in (l), together with (2) and ( 3 , thus 4(1,zi) = 1, zi 2 G-+ 1.
( 5 ) 
2) Hemispherical Portion of the Rod Electrode
The potential of any point on the hemispherical portion of the boundary is also unity.
Considering of &) with respect to c evaluated at the point c=O are set equal to zero. The constraint imposed on the even derivatives, and the fact that the first derivative of &c) at c=O is also zero (as will be shown), preclude that $(c) attains either a maximum or a minimum value in the neighborhood of the tip of the point electrode (c=O). Therefore, a unit equipotential surface will result, having a unit curvature at c=O, i.e., coinciding with the hemispherical part of the point electrode boundary. Thus the former condition yields and, from the latter constraint, n = 2,4, * e . .
(7)
According to (7), PJO) and V,(O ;A) for even values of n must be obtairred. However, values of n greater than four will not be used since the resulting expressions for P, (O) and V,(O ;A) become too cumbersome without improving the accuracy of the results. Using n=2 and n =4 results in a unit equipotential surface adequately close to the hemispherical portion of the boundary. Differentiating (2.1) and (3.1) with respect to c yields the following expressions for P,(O) and V,(O ;A), for n = 1,2, 4 :
As (8) and (1 1) show, the first derivative of $(c) with respect to c, at c = 0, is zero.
3) Plane Portion of the Boundary
The potential of any point on the plane z=O is set equal to zero. This condition is automatically satisfied by image charges which are symmetrically located with respect to this plane.
Choice of Parameters
To obtain a unit equipotential surface on the rod electrode boundary, care must be taken in choosing the parameters zi and Aj. Two factors are taken into considerationthe distribution of these parameters with respect to each other and with respect to the point electrode boundary, and the number of these parameters.
PROCEEDINGS OF THE IEEE, MAY 1968
The
Various results with different values for zi and A j indicated that the unit equipotential surface fits the rod electrode boundary best when i= 7 and j =9 and when A , to A , are lying from z1 = G + 1 to z2 = G + 2 and the remainder values of Aj (As to A,) are chosen alternately between successive values of z3 to z,.
The choice of values presented in Table I for zi and A j has yielded the best results, with most of the boundary surface having a unit potential as assumed and only a few points departing by less than 2 percent.
A further increase in the number of the parameters zi and A j resulted in an incorrect solution of the boundary simultaneous equations. This was due to the excessive number of equations and the fact that the row vectors in the matrix of coefficients became very close to each other, leading to accumulation of propagating roundoff error. 
Data Format
The input data consist of the title, date, study number, study type, gap length from the extremity of the hemisphere to the plane, point radius, and potential across the gap. The study type indicates the kind of results sought and is denoted by either 1,2,3, or 4. The number 1 means data for potential, axial, and radial components of the electric field throughout the whole length of the gap (with smaller zincrements near the point electrode) and for r-increments of one-half unit up to and including r = 5. The number 2 is as 1 except calling for data in the vicinity of the point electrode with z-and r-increments of 0.1 unit. Then 3 requests the potential and axial electric field on the z-axis only, and 4 indicates potential, axial, and radial components of the electric field through the length of the gap and for r-incrernents of 20 units up to and including r = 160. Data cards are prepared according to the instructions listed in Table 11 .
Procedure
Considering the flow chart of Fig. 4 , the main computational steps may be outlined as follows.
1) From the gap length (GPL), point radius (PTRAD),
and gap potential difference (GPOT), the following values are computed : Re ad p r e l i m i n a r y d a t a I 1
Write p r e l i m i n a r y d a t a Compute Gap l e n g t h l p t . r a d i u s ; z -c o o r d i n a t e s o f a x i a l l i e c h a r g e s ; z -c o o r d i n a t e s on cylinder boundary
w h e r e p o t e n t i a l i s s e t e a n a l t o u n i t y 2) The equations representing the boundary conditions, electric field in the gap are computed and printed out, together with the potential distribution on the hemispherical and cylindrical portions of the boundary, according to the type of study required.
Data Output
An example of data output of the second type is reproduced in Fig. 5 showing the potential and both field components in the vicinity of the rod. Fig. 6 shows another part of the output that checks the potential of the rod along the cylindrical portion as well as on the spherical surface. There was no need to test the potential at the plane since it will always be zero even with the presence of computational errors. The values of Fig. 6 are within 2 percent of the assumed potential of 1.0 and illustrate the accuracy of the computational technique.
DISCUSSION OF RESULTS AND CONCLUSION
The potential and electric field distributions in the air gap for different gap ratios as computed, together with the potential distribution on the point electrode boundary, are shown in the curves of Figs. 7 and 8, where the axial gap potential and axial gap fields are plotted for different gap ratios G. Fig. 9 shows equipotential lines for a gap ratio G = 180 using linear interpolation of the gap potential distribution.
Examination of the results obtained indicates that the potential at the rod boundary surface is accurate with an error of less than f 2 percent. A comparison of the computed gap potentials in rod vicinity with those measured experimentally using a tank model for a gap ratio of 160 is given in Table 111 . This comparison indicates that the difference is bounded by + 1.2 percent and -4.8 percent.
The method ofcomputation described in this paper for the hemispherically capped cylindrical rod electrode is based on the assumption of a charge distribution producing potentials and electric fields that satisfy the boundary conditions. This method seems to be superior to the computational method based on the finite difference approximation of Poisson's equation and the boundary conditions. It is advantageous not only because of simplicity of computational 
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The digital computer determination of electric potential A direct example in which the present program can be used with slight modification is that of multiple-point electrodes, against a plane, or a rod-to-rod gap with the rods of equal or unequal diameters. Using the same simulation technique, a program can be devised for a sphere with a recessed shaft, a hollow cylindrical electrode against idnite plane, and a sphere against a point electrode. Moreover, the important problem of parallel cylinders with large spacings can be easily tackled and then extended to multiple-cylinder electrodes or bundle conductors. This problem is presently under study. 
